Abstract. In the ordinary framework, the factorization of a weak preference relation into a strict preference relation and an indifference relation is unique. However, in fuzzy set theory, the intersection and the union of fuzzy sets can be represented different ways. Furthermore, some equivalent properties in the ordinary case have generalizations in the fuzzy framework that may be not equivalent. For these reasons there exist in the literature several factorizations of a fuzzy weak preference relation. In this paper we obtain and characterize different factorizations of fuzzy weak preference relations by means of two courses of action which are equivalent in the ordinary framework: axioms and definitions of strict preference and indifference.
Introduction
In social choice theory agents' preferences on a set of alternatives are usually represented through complete binary relations. These weak preference relations show whether an alternative is at least as good as another or vice versa. Starting from a weak preference relation R, it is possible to obtain a strict preference relation P and an indifference relation I. This factorization is unique, so that P ¼ R \ ðR À1 Þ c , which is equivalent to P ¼ ðR À1 Þ c , and
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However, human preferences are often vague, and the previous model does not allow for this fact. Vagueness can be taken into account by means of ordinal concepts (see, for instance, Basu et al. [6] In this paper we try to clarify the generalization of some properties from the ordinary to the fuzzy framework. This is very important because the definitions of asymmetry and completeness determine the characterizations of P and I. In the same way, the choice of P , I and the transitivity property plays a crucial role in the generalization of Arrow's Impossibility Theorem to the fuzzy framework. For instance, Dutta [12, p. 225] and Banerjee [2, p. 126] obtain opposite results because they utilize different definitions of P .
Moreover, we generalize and characterize some factorizations from the literature by means of two courses of action: axioms and definitions of P and I. When we consider the axioms we conclude that the only interesting t-norms are /-transforms of Lukasiewicz's t-norm. Under the assumption of reciprocal order automorphisms, if we require additional conditions such as
, then we obtain generalizations of the factorizations given by Orlovsky [19] and Barrett and Pattanaik [4] , respectively. On the other hand, when we establish the definitions of P and I as the starting point, we prove that P and I satisfy the axioms only for generalizations of the factorization given by Barrett and Pattanaik [4] .
The paper is organized as follows: In Sect. 2 we introduce notation and basic definitions. In Sect. 3 we focus our analysis on factorizations obtained from axioms, while in Sect. 4 we develop our research based on definitions of P and I. We conclude in Sect. 5.
Preliminaries
Let A be a not empty set of alternatives with jAj ! 2. An ordinary binary relation Q on A is an ordinary subset of A Â A. We will use aQb to denote
